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Abstract. Due to the restriction of computing resources, it is often inconvenient 

to directly conduct analysis on massive datasets. Instead, a set of representatives 

can be extracted to approximate the spatial distribution of data objects. Standard 

data mining algorithms are then performed on these selected points only, which 

typically account for a small fraction of the original data, reducing the computa-

tional time significantly. In practice, the boundary points of data clusters can be 

regarded as a compact and effective representation of the original data, with great 

potential in clustering, outlier or anomaly detection and classification. As a result, 

given a complex dataset, how to reliably identify a set of effective boundary 

points creates a new challenge in data mining. In this paper, we present a bound-

ary extraction technique similar to the method in SCUBI (Scalable Clustering 

Using Boundary Information). The key difference is that our technique exploits 

the clustering information in a feedback loop to further refine the boundary. Ex-

perimental results show that our technique is more robust and can produce more 

representative boundary points than SCUBI, especially on complex datasets with 

large inhomogeneity in terms of cluster density.  
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1 Introduction 

In face of the ever increasing volume of datasets, efficiency is becoming a critical con-

cern in data analytics. For example, the computational cost of many clustering algo-

rithms [1, 2] such as K-means, DBSCAN, Affinity Propagation and Hierarchical Clus-

tering is greatly affected by the number of data points (n) in the dataset. Among them, 

the time complexity of K-means is 𝑂(𝑡𝑘𝑛) where t is the iteration number [4]; the time 

complexity of DBSCAN is 𝑂(𝑛4/3) in the best situation and 𝑂(𝑛2) on some datasets 

[5]; the time complexity of Affinity Propagation is 𝑂(𝑛2𝑇) [6] and Hierarchical Clus-

tering features 𝑂(𝑛2log𝑛) time complexity [7]. 

Consequently, it may be impractical to directly apply existing clustering algorithms 

on large datasets, due to the potentially intolerable computing time. Although it is pos-

sible to accelerate these algorithms using parallel or distributed platforms such as Ha-

doop, an interesting idea is to tackle this challenge from a different perspective: whether 
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it is necessary to involve all available data into the clustering process? Under some 

general assumptions (e.g., each cluster is a solid object without holes), the shape of 

each cluster can be determined solely by the data points on its surface while all interior 

points impose no influence on the clustering results. This observation can be significant 

as it implies that only data points on the surface of each cluster need to be clustered, 

which only account for a small fraction of the entire dataset.  

SCUBI (Scalable Clustering Using Boundary Information) is a latest clustering 

scheme that exploits the idea of boundary information to achieve good scalability [8]. 

Firstly, it extracts boundary points from the original dataset. Next, boundary points are 

clustered using existing clustering algorithms. Finally, the boundary information and 

the clustering results are used to assign interior points to appropriate clusters. SCUBI 

is a general scheme and a variety of clustering methods such as DBSCAN, Affinity 

Propagation and Spectral Clustering can be plugged into the framework. Typically, less 

than 5% data points are extracted as boundary points and experimental results show 

that SCUBI can significantly improve the efficiency of existing clustering algorithms 

on massive datasets with little impact on the quality of clusters. 

In this paper, we investigate the boundary information from a more general perspec-

tive: it can be regarded as a compact and generic representation of the dataset, which 

potentially plays a key role in many data mining tasks such as stream clustering, out-

lier/anomaly detection and classification. The major contribution of our work is an ef-

fective approach to the extraction of boundary points, which follows the general prin-

ciple of boundary extraction in SCUBI but alleviates the issues of SCUBI on complex 

datasets with large inhomogeneity in terms of cluster density. The core idea is a strategy 

with an extra feedback loop: i) select a relatively large set of boundary points initially 

to ensure robustness; ii) conduct clustering on boundary points; iii) use the cluster in-

formation as feedback to further refine the boundary set.  

In Section 2, we give a brief review of existing boundary extraction techniques based 

on different principles. The details of our improved boundary extraction method are 

presented in Section 3. Comprehensive experimental results on 2D and higher dimen-

sional datasets are shown in Section 4. This paper is concluded in Section 5 with some 

directions for future work. 

2 Review of Boundary Extraction 

The importance of boundary points comes from the fact that they inexplicitly specify 

the distribution of data points. For example, once the boundary of each cluster is known, 

all data points can be easily assigned to a certain cluster based on their relative loca-

tions. Similarly, in classification tasks, if two classes can be perfectly classified, it is 

likely that the decision boundary is only determined by those boundary points, in anal-

ogy to support vectors in SVM, instead of any other interior points.  

Existing approaches to boundary extraction can be divided into four categories: con-

cave theory based, diagram based, information entropy based and density based. The 

methods based on concave theory sequentially build the boundary from one point to 

another. Some typical methods include alpha shape [9], conformal alpha shape [10] and 
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concave hull [11]. They tend to perform well on 2D datasets with evenly distributed 

data points and are widely used in image processing and machine vision [12]. However, 

they cannot be directly extended to high-dimensional datasets. 

The methods based on diagram establish a Delaunay diagram of the dataset. Since 

the Delaunay diagram is unique for a fixed dataset, the boundary points that are found 

are also fixed. Furthermore, these methods do not require user defined parameters and 

can therefore be used when little priori knowledge of the original dataset is available. 

However, the complexity of building a Delaunay diagram is 𝑂(𝑛2) and the computa-

tional cost is strongly influenced by the dimension of datasets. As a result, they are only 

used to process 2-D or 3-D data [13, 14, 15]. 

 The methods based on information entropy are mainly used in the domain of point 

clouds [16]. They are useful for simplifying 3D models but are insufficient for pro-

cessing high-dimensional datasets. Also, they suffer from high time complexity on da-

tasets with multiple clusters, as the internal model needs to converge several times. 

 

Fig. 1. Boundary point and tangent planes 

The core idea of density-based approaches is that a boundary point should be the 

point where the density difference on both sides of its tangent plane is large [17, 18] as 

shown in Fig. 1. However, in practice, it is not easy to calculate such a tangent plane 

directly. Instead, the normal vector, which is directly related to the tangent plane, is 

much easier to calculate [19, 20, 21]. The normal vector (direction of density gradient) 

of a point is conceptually defined as the average of the vectors pointing to its k nearest 

neighbors [22], as shown in Fig. 2. Note that as the direction instead of the length of 

the normal vector is important, in Eq. 1, we do not need the value of ρ. 

Next, according to Eq. 2 with normalized NV, a score is calculated for each data 

point based on the cosine of the angle between each vector to its nearest neighbors and 

NV. The higher the score of a point, the greater the density gradient at that point, which 

means that it is more likely to be a boundary point (Algorithm 1).  

 𝑁𝑉(𝑥) = 𝜌 ∙
1

𝑘
∑ 𝑢𝑖

𝑘
𝑖=1  (1) 

𝑢𝑖(𝑥) = 𝑥𝑖 − 𝑥, 𝑤ℎ𝑒𝑟𝑒 𝑥𝑖 ∈ 𝑘𝑁𝑁(𝑥) 
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Fig. 2. The normal vector of a point is the average of the vectors pointing form the point itself to 

its k nearest neighbors. The red arrow shows the direction of the normal vector. 

 scores(𝑥) = ∑ 𝑐𝑜𝑠(𝑢𝑖，𝑁𝑉(𝑥))𝑛
𝑖=1    (2) 

 where 𝑁𝑉(𝑥) = ∑
(𝑥𝑖−𝑥)

|𝑥𝑖−𝑥|

𝑘
𝑖=1  

 

After boundary extraction, SCUBI uses clustering algorithms such as DBSCAN and 

Affinity Propagation to group boundary points into clusters. Finally, interior points are 

assigned to the same cluster as its nearest boundary point (Algorithm 2).  
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3 Robust Boundary Extraction 

In practice, the quality of the boundary extracted can directly determine the results of 

subsequent data mining operations. For example, if the boundary points from the same 

cluster are sparse with large gaps, they may be grouped into multiple clusters incor-

rectly. Furthermore, in the dynamic situation, one can use the boundary of the origin 

data as a reference to group new coming data points or detect possible outliers from the 

data stream. However, the poor quality of the boundary extracted from the origin data 

may hamper the accuracy of data mining work greatly.  

Fig. 3 (left) shows a set of high quality boundary points, which is effective for de-

tecting outliers as it gives a reasonably good approximation of the data distribution. For 

example, the new data point shown as a cyan triangle will be regarded as an interior 

point but the data point indicated by a red square will be recognized as an outlier, ac-

cording to their relative locations to the boundary. By contrast, Fig. 3 (right) shows an 

imperfect boundary with a large gap in the top-right region. In this case, it is possible 

that an outlier detection algorithm based on boundary information may incorrectly re-

gard the triangle point as an outlier.  

          

Fig. 3.  An effective boundary (left) and an imperfect boundary (right) 

  

Fig. 4. The challenges of boundary extraction using SCUBI: the two clusters have different levels 

of density (left) and the density of a cluster is not homogeneous (right). 
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Due to the consideration of efficiency, the boundary extraction procedure in SCUBI 

is executed only once and only a small percentage of data points are selected. However, 

data clusters may be quite different in terms of density and the one-off extraction strat-

egy in SCUBI may result in undesired distribution of boundary points, especially when 

the percentage of data points selected is relatively small. Fig. 4 (left) shows an example 

with two clusters of different densities. It is clear that most boundary points extracted 

are concentrated on the denser cluster while the boundary points on the other cluster 

are very sparse, insufficient as a good representation of the corresponding cluster. Fur-

thermore, this efficiency-robustness dilemma cannot always be alleviated by simply 

increasing the number of boundary points. For example, on inhomogeneous clusters, 

some interior points may be incorrectly identified as boundary points due to high den-

sity level, as shown in Fig. 4 (right). 

 

This is because SCUBI calculates the scores of all data points according to Eq. 2 and 

sets a single threshold for distinguishing boundary points from others. If the density of 

a cluster is low, its data points are sparsely distributed and the neighbors of a data point 

are likely to spread in a wide range of directions, resulting in relatively low scores. As 

a result, the selection process in SCUBI tends to favor boundary points from dense 

clusters. Furthermore, within a cluster, if the density varies significantly, data points 

with large density gradients are also likely to receive high scores and be regarded as 

boundary points, even if they are actually interior points. 

It should be mentioned that the objective of SCUBI is to conduct clustering as effi-

ciently as possible. Our purpose is different: we want to extract a set of boundary points 

of high quality from the current dataset for further applications while the computational 
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cost is not our primary concern. In other words, we can afford extracting and clustering 

more boundary points and incorporating additional processing steps. 

The core idea is to replace the one-off extraction strategy in SCUBI by a two-stage 

procedure. In the first step, SCUBI is applied on the dataset to extract a set of prelimi-

nary boundary points and clustering is performed on this point set. The number of 

boundary points can be set to a value larger than that in normal SCUBI to ensure ro-

bustness. In the second step, with the clustering information available, another round 

of boundary extraction is performed individually on boundary points belonging to the 

same cluster, to further refine the extraction results (Algorithm 3). 

Note that the parameter k in k-nearest neighbors is a key factor in both SCUBI and 

our boundary extraction technique. For large k values, more data points are involved in 

the score calculation but noisy points and even data points from other clusters may also 

be included. In Algorithm 3, a smaller value (k1) is used in the first round of extraction, 

which not only reduces the time cost but also enables the boundary details to be pre-

served. In the second round, a larger value (k2) is used since the interference from other 

clusters and noisy points have largely been eliminated, resulting in more accurate nor-

mal vectors and boundary information. 

4 Experiment 

The major purpose of experimental studies is to investigate the effectiveness of the new 

boundary extraction strategy in comparison to the standard method in SCUBI. Two sets 

of datasets were used: 2D datasets with highly complex clusters as well as synthetic 

datasets created by Gaussian distributions with diagonal covariance matrices in which 

the number of clusters and the dimension were systematically varied from 1 to 9 and 2 

to 8 (Table 1), respectively. The number of data points in each cluster was fixed to 

10,000 and the variance of each dimension of each cluster was 1.  

We extracted the boundary points on datasets Letters, Circles, U-shapes with the 

same parameter settings. The percentage of boundary points was set to 1% in the origin 

method. For the two-stage boundary extraction, the percentages of data points selected 

in the two stages were 10% and 10% for the three 2D datasets and 2% and 50% for 

Spheres. For the value of k (number of neighbors), it was fixed to 10 for the original 

method while k1 and k2 were 10 and 20 for our method, respectively. 

Table 1. Summary of datasets 

 

Circles is a dataset with several clusters and the densities of clusters differ signifi-

cantly. In Fig. 5, SCUBI tended to extract relatively more boundary points from dense 

clusters while the boundary points were discontinuous on sparse clusters. Also, SCUBI 
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mistakenly chose some interior points as boundary points. By contrast, our extraction 

method produced a relatively uniform edge on almost every cluster and the misjudg-

ment of interior points was less likely to happen. Lines and Letters are two datasets with 

complex clusters on which SCUBI often regarded interior point as boundary points due 

to the mutual interference among clusters. With the help of the cluster information, our 

method effectively reduced the interference of noise and other clusters, ensuring a good 

boundary on each cluster, as shown in Fig. 6 and Fig. 7. 

 For high-dimensional cases (Spheres), the distance between each data point and the 

corresponding mean was calculated and, for each cluster, the set of outmost data points 

was regarded as the ground truth for boundary points.  

The accuracy of boundary extraction is defined as below: 

Accuracy(𝛼𝑜𝑢𝑡𝑒𝑟，𝛼𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦) =  
|{𝑂𝑢𝑡𝑒𝑟(𝛼𝑜𝑢𝑡𝑒𝑟)}∩{𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦𝐸𝑥𝑡𝑟𝑎𝑐𝑡(𝛼𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦)}|

|{𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦𝐸𝑥𝑡𝑟𝑎𝑐𝑡(𝛼𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦)}|
   (3) 

 
(a) Original dataset 

 
                (b) SCUBI                 (c) Our method 

Fig. 5. Boundary extraction on Circles dataset 

In Eq. 3, 𝛼𝑜𝑢𝑡𝑒𝑟  is the percentage of data points selected as the ground truth and 

𝛼𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 is the percentage of data points extracted as boundary points. 𝑂𝑢𝑡𝑒𝑟 is the 

ground truth set and 𝐵𝑜𝑢𝑛𝑑𝑎𝑟𝑦𝐸𝑥𝑡𝑟𝑎𝑐𝑡 is the set of selected boundary points. It is 

clear that accuracy reaches its maximum value 1 when all extracted boundary points 

are contained within the ground truth. 
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(a) Original dataset 

   
       (b) SCUBI                             (c) Our method 

Fig. 6. Boundary extraction on U-shapes dataset 

 
(a) Original dataset 

 
 (b) SCUBI                           (c) Our method 

Fig. 7. Boundary extraction on Letters dataset 
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We created 63 datasets with dimension from 2 to 8 and the number of clusters from 

1 to 9 to demonstrate the effectiveness of boundary extraction algorithms. Fig. 8 shows 

the comparison of accuracy distribution between SCUBI and our method with 

𝛼𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 = 0.01 and 𝛼𝑜𝑢𝑡𝑒𝑟 = 0.01, which means that only 1% data points were se-

lected as the boundary points and the ground truth, respectively. Fig. 8 (a) shows the 

relationship between accuracy and the number of clusters and each box shows the dis-

tribution of the results on 7 datasets with various dimensions. It is obvious that our 

method (mean accuracy around 0.75) systematically outperformed the extraction 

method in SCUBI (mean accuracy around 0.55). Fig. 8 (b) shows the relationship be-

tween accuracy and dimension and each box shows the distribution of the results on 9 

datasets with different numbers of clusters. Again, our method was clearly superior to 

the extraction method in SCUBI. 

Note that, as the dimension increased, the accuracy of both methods decreased grad-

ually. The reason is largely due to the fixed number of points (10,000) in each cluster: 

the cluster became sparser as the dimension increased and some boundary points with 

very low local densities were treated as outliers and discarded. However, the ground 

truth set was determined by distances only, regardless of the density factor. As a result, 

some data points in the ground truth set were missing from the boundary points actually 

extracted.  

   
(a) Accuracy vs. Cluster Numbers                         (b) Accuracy vs. Dimension 

Fig. 8. The accuracy comparison of two boundary extraction methods on Spheres with varying 

dimensions and cluster numbers (𝛼𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 = 0.01 and 𝛼𝑜𝑢𝑡𝑒𝑟 = 0.01) 

5 Conclusion 

In the era of big data, data mining algorithms are often confronted with unprecedented 

volume of data. Due to the time complexity of these algorithms, most of them cannot 

be directly applied to the massive datasets, creating a major gap between academic re-

search and industrial applications. Recently, SCUBI was proposed as a scalable clus-

tering scheme, which strategically employs boundary information as a compact repre-

sentation of the original dataset to accelerate the clustering procedure. As a complement 
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to mainstream solutions relying on high performance computing infrastructure such as 

GPU and distributed computing, SCUBI provides a unique perspective for handling 

massive datasets by exploiting the structural information of datasets while leaving ex-

isting clustering algorithms largely unchanged. 

 In this paper, we argue that boundary information is not only highly valuable for 

standard clustering tasks but also important for other key applications such as stream 

clustering [23], outlier/anomaly detection [24, 25] and classification. As the major con-

tribution of our work, a novel two-stage boundary extraction technique was proposed 

to address the issues that we have identified with SCUBI. More specifically, we found 

that the current one-off extraction method in SCUBI was ineffective at handling da-

tasets with large inter-cluster or intra-cluster variance in terms of density. Experimental 

results on a variety of purposefully designed datasets show that our extraction tech-

nique, which takes advantage of the clustering information, is clearly superior to the 

standard extraction technique in SCUBI, especially on cases with large inhomogeneity 

in terms of cluster density. 

 As to future work, it is important to conduct formal analysis of existing density-

based boundary extraction techniques to provide a rigorous foundation for better un-

derstanding their effectiveness and possible limitations. Currently, these methods are 

mostly heuristic ones and there is still a lack of principled guidance on key issues such 

as parameter setting and performance evaluation. Meanwhile, with the help of a com-

petent technique that can produce high quality boundary information, it would be very 

interesting to further extend its application scope to more challenging situations. For 

example, instead of extracting a fixed set of boundary points, a dynamic boundary set 

can be maintained in an online manner, which is very useful for processing data steams 

or when the dataset is too large to be processed as a whole in the memory. 
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