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Robust Fault Detection and Set-theoretic UIO for Discrete-time LPV
Systems with State and Output Equations Scheduled

by Inexact Scheduling Variables
Feng Xu1, Junbo Tan1,2, Ye Wang4, Xueqian Wang1,∗, Bin Liang2,3,∗ and Bo Yuan5

Abstract—This paper proposes a novel robust fault detec-
tion (FD) approach and designs a set-theoretic unknown input
observer (SUIO) for linear parameter-varying (LPV) systems
with both state and output equations scheduled by inexact
scheduling variables. First, for such LPV systems, we propose
a novel robust FD method by combing the set theory with the
unknown input observer (UIO), which considers the bounds of
measurement errors of scheduling variables to generate FD-
oriented sets. In general, as long as sensors with sufficiently high
precision are equipped to measure the scheduling variables, the
bounds of measurement errors of scheduling variables can be less
conservative than those direct bounds of scheduling variables,
which can reduce robust FD conservatism in this way. Second,
we give the unknown input decoupling condition of SUIO for
such LPV systems and propose an SUIO design method under
this condition for robust state estimation (SE). Besides, stability
conditions for the proposed methods are established via matrix
inequalities. At the end of this paper, a case study is used to
illustrate the effectiveness of the proposed methods.

Index Terms—Fault detection, state estimation, unknown input
observer, set theory, LPV systems, inexact scheduling variables.

I. INTRODUCTION

The unknown input observer (UIO) plays an important role
in robust state estimation (SE) and fault detection (FD). If there
exist UIOs for a system, we can design UIOs to remove the
effect of its unknown inputs on SE and FD. In the literature,
the design of UIOs was studied for different types of systems,
such as linear time-invariant (LTI) systems [7], [17], linear
time-delay systems [38], [39], linear switched systems [2],
[22], linear parameter-varying systems (LPV) [18] and so on.

In the literature, most results on UIOs are for linear systems,
which are generally divided into three types. The first type
is based on the classical design condition in [20] for the
complete decoupling of unknown inputs, see [9], [17] and
among others. The second one aims to avoid the classical
design condition under some assumptions on unknown inputs,
see [7], [26] and among others. However, both ways cannot
overcome the limits of the UIO design condition. To solve
this problem, the works in [14], [34] proposed to divide
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unknown inputs into two groups. If partial unknown inputs
satisfy their corresponding decoupling condition, a partially-
decoupled UIO can be constructed because the number of
unknown inputs chosen to be decoupled is adjustable to satisfy
their decoupling condition.

Some interesting results on UIO design, SE and FD prob-
lems for LPV systems have been recently achieved. In [18],
under the assumption that the LPV system is uniformly
strongly algebraically observable with respect to its scheduling
variables, a design approach of UIO for LPV systems with
linear time-invariant output equation was proposed. In [16], a
UIO was designed for the LPV descriptor system with time
delays and an actuator fault detection and isolation (FDI)
approach was further developed for the system. The works
proposed in [25], [28] applied the set-based methods (interval
observers and set-valued observers) into robust FD of LPV
systems, where the bounds of scheduling variables are used
to generate adaptive thresholds of residuals for robustness. In
[6], the authors proposed an FD approach for LPV systems
with imperfect scheduling parameters by using a sliding mode
observer, which only considers the LPV system with a con-
stant output matrix. The work in [29] combining the interval
observer and the UIO was proposed to estimate the upper and
lower bounds of states and implement robust fault diagnosis
for an uncertain LPV system with parametric uncertainties and
a constant output matrix. In order to improve FD robustness
and attenuate unknown inputs, an FD method based on the
H index and H∞ norm was proposed in [13] (some methods
using similar techniques can be found in [8], [12], [32], [33]
and among others). More works for FD of LPV systems can
be found in [3], [27] and among others.

It is worth mentioning that most of works on UIO design
and robust FD only consider the LPV system with a con-
stant output matrix and perfectly known scheduling variables,
while a more general situation is that both state and output
equations have the LPV form and/or the scheduling variables
are corrupted by measurement errors from sensors. From our
best knowledge, there exist two works considering UIO design
for the LPV system with an LPV output matrix. The first
work was proposed in [19], which was an extension of [18].
The second work was proposed in [31], which implemented
robust state and fault estimation for the T-S system (similar
to the LPV system). Particularly, the work in [31] first used
the system state equation to solve an expression of a fault fk
and then substituted the expression of fk back into the system
state equation to obtain an equivalent system without explicitly
including fk (i.e., decouple fk) for fault estimation. This
proposed idea can also be used to decouple unknown inputs



JOURNAL OF LATEX CLASS FILES, VOL. 13, NO. 9, MARCH 2016 2

(see [31] for details). However, both works did not consider
the situation that the scheduling variables are corrupted by the
measurement errors originated from sensors.

Different from the existing works in the literature, this
paper focuses on robust FD and set-theoretic unknown input
observer (SUIO) design for LPV systems with both state and
output equations scheduled by inexact scheduling variables,
where the set theory deals with the measurement errors of
scheduling variables instead of passively decoupling part of
unknown inputs and the notion of UIO is used to remove
the effect of unknown inputs on the known part of system
dynamics instead of completely decoupling part of unknown
inputs. The SUIO was first proposed by the authors in [34],
[37]. In [37], the set theory and the UIO were combined to
implement robustness of FD and SE of LPV systems with
an LTI output equation and perfectly measurable scheduling
variables by dividing the unknown inputs into two groups,
where the first group is actively decoupled by the UIO and
the second group is passively decoupled by the set theory.

The contributions of this paper are summarized as follows:
• in Section III, for the class of LPV systems with both state

and output equations scheduled by inexact scheduling
variables, this paper proposes a novel robust FD method
by dividing the system dynamics into a known part and
an unknown part, then employing the notion of UIO to
remove the effect of unknown inputs and/or noises on the
known part, and eventually using the set theory to handle
the unknown part to achieve FD robustness;

• in Section IV, for the class of LPV systems with a
constant output matrix and inexact scheduling variables,
a novel SUIO design method is proposed for robust SE,
which is based on a new UIO framework composed of
an augmented dynamics integrating the traditional UIO
and its SE error dynamics for more design degrees of
freedom of SUIO parametric matrices.

In this paper, Section II introduces the general LPV and UIO
models. Section III proposes a novel robust FD method for
the general LPV systems. Section IV first gives the unknown
input decoupling condition of UIO for LPV systems and
then proposes an SUIO design method with more degrees of
freedom for the LPV systems. Finally, the effectiveness of the
proposed methods is illustrated in Section V and the paper is
finally concluded in Section VI.

II. PROBLEM FORMULATION

This section introduces an LPV system with both state and
output equations scheduled by inexact scheduling variables
and presents the corresponding UIO form for this LPV system.

A. System Description

This paper considers the class of discrete-time nonlinear
systems modelled by the following discrete-time LPV model:

xk+1 = A(ρk)xk +B(ρk)uk + E(ρk)ωk, (1a)
yk = C(ρk)xk + F (ρk)ηk, (1b)

where A(ρk) ∈ Rn×n, B(ρk) ∈ Rn×p, E(ρk) ∈ Rn×r,
C(ρk) ∈ Rq×n and F (ρk) ∈ Rq×s are parametric matrices
dependent of a scheduling vector ρk ∈ Rm, k ∈ N denotes
the time instant, xk ∈ Rn and yk ∈ Rq denote the state and
output vectors, uk ∈ Rp and ωk ∈ Rr represent the known
and unknown inputs (including disturbances, modeling errors,
etc.), and ηk ∈ Rs represents the measurement noise vector.

It is assumed that ρk is bounded by a hypercube P , i.e.,
ρk ∈ P , where ρk is with the form [ρ1

k, ρ2
k, · · · , ρmk ]T (ρik is

the i-th component). Thus, a parameterized matrix J(ρk) (an
affine function of ρk) is also bounded by a polytopic set and
can be represented as a linear combination of vertex matrices
of this set (i.e., polytopic decomposition of J(ρk)) as

J(ρk) =

N∑
i=1

λi(ρk)Ji, (2)

where Ji is the i-th vertex matrix of the set of J(ρk) (J can
represent A, B, C, E and F in (1)), N = 2m is the number of
vertex matrices and λi(ρk) is the weighting coefficient of the
i-th vertex matrix with

∑N
i=1 λi(ρk) = 1, 0 ≤ λi(ρk) ≤ 1.

In some existing works on the LPV systems, the scheduling
vector ρk is often considered being perfectly measurable.
However, in reality, there always exists a measurement error
between the actual value ρk and a measured value ρ̂k of ρk.
Here we consider this general case, which is denoted as

ρ̂k = ρk + ρ̃k, (3)

where ρ̃k denotes the measurement error vector of sensors
equipped in the system to measure the scheduling variables.

The measurement errors of sensors are originated from
their measurement precision and it is considered that the
measurement precision of sensors used to obtain the bounds
of measurement errors can be read from their performance
instructions, which are denoted as ρ̃k ∈ P̃ where P̃ =[
P̃1 P̃2 . . . P̃m

]T
is the bounding hypercube of ρ̃k and

ρ̃ik ∈ P̃i = [ρ̃
i,k
, ρ̃i,k], (4)

where P̃i is the i-th interval component of P̃ , ρ̃ik = ρ̂ik − ρik
is the i-th component of ρ̃k, and ρ̃

i,k
and ρ̃i,k are the lower

and upper bounds of ρ̃ik, respectively.

B. UIO Structure

According to [18], [34], a general UIO form for the LPV
system (1) is given as

zk+1 = N(ρ̂k)zk + T (ρ̂k)uk +K(ρ̂k)yk, (5a)
x̂k = zk +H(ρ̂k)yk, (5b)

where N(ρ̂k), T (ρ̂k), K(ρ̂k) and H(ρ̂k) are compatible para-
metric matrices, zk is the state vector of the UIO, x̂k is the
estimated state vector of (1) and ρ̂k =

[
ρ̂1
k, ρ̂

2
k, · · · , ρ̂mk

]T
denotes an actual measurement of ρk with

ρ̂k ∈ P, (6)

where ρ̂k is different from ρk and ρ̂ik denotes the i-th compo-
nent of ρ̂k. Note that, by projecting ρ̂k into the bounding set
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P , we can always obtain the measurement ρ̂k confined inside
P (see more explanations on this point in [24]). Thus, we can
also have the polytopic decomposition

J(ρ̂k) =

N∑
i=1

λi(ρ̂k)Ji, (7)

where J can represent A, B, C, E, F , N , T , K and
H , and λi(ρ̂k) has the similar definition with λi(ρk) as∑N
i=1 λi(ρ̂k) = 1, 0 ≤ λi(ρ̂k) ≤ 1.

Assumption 1. J(ρk) (or J(ρ̂k)) is the affine function of ρk
(or ρ̂k), i.e., J(ρk) = J0 +

∑m
i=1 J

iρik (or J(ρ̂k) = J0 +∑m
i=1 J

iρ̂ik), where J0, J1, · · · , and Jm are constant matrices.

Under Assumption 1 and using (3), we could have

J(ρ̂k) =J(ρk) +

m∑
i=1

J iρ̃ik. (8)

The meanings of Ji in (7) and J i in (8) are different. Ji
denotes the i-th vertex matrix of the hypercube of J(ρk) (or
J(ρ̂k)), while J i denotes the coefficient matrix of the i-th
component of ρk (or ρ̂k) of linear form of J(ρk) (or J(ρ̂k)).

Remark 1. For a clear explanation of the proposed methods,
both the affine and polytopic forms of LPV systems are used in
the mathematical derivations of this paper. However, these two
forms of LPV systems are actually equivalent to each other.

C. Analysis of System Behaviors

Using (1) and (5), we define the SE error as

ek = xk − x̂k, (9)

whose dynamics can be further derived as

ek+1 =Λ0ek + Λ1zk + Λ2yk + Λ3uk + Λ4ωk

+ Λ5ηk+1 + Λ6ηk (10)

with

Λ0 =Aρk −H
ρ̂
k+1C

ρ
k+1A

ρ
k −K

ρ̂
1,kC

ρ
k , (11a)

Λ1 =Aρk −H
ρ̂
k+1C

ρ
k+1A

ρ
k −K

ρ̂
1,kC

ρ
k −N

ρ̂
k , (11b)

Λ2 =(Aρk −H
ρ̂
k+1C

ρ
k+1A

ρ
k −K

ρ̂
1,kC

ρ
k)H ρ̂

k −K
ρ̂
2,k, (11c)

Λ3 =Bρk − T
ρ̂
k −H

ρ̂
k+1C

ρ
k+1B

ρ
k , (11d)

Λ4 =Eρk −H
ρ̂
k+1C

ρ
k+1E

ρ
k , (11e)

Λ5 =−H ρ̂
k+1F

ρ
k+1, (11f)

Λ6 =−K ρ̂
1,kF

ρ
k (11g)

with K ρ̂
k = K ρ̂

1,k + K ρ̂
2,k, where we simplify the notations

J(ρk), J(ρ̂k), λi(ρk), and λi(ρ̂k) as Jρk , J ρ̂k , λρi,k and λρ̂i,k,
respectively. By substituting (8) into (11), we further have

Λ0 =Λ̂0 + Λ̃0, (12a)

Λ1 =Λ̂1 + Λ̃1, (12b)

Λ2 =Λ̂2 + Λ̃2, (12c)

Λ3 =Λ̂3 + Λ̃3, (12d)

Λ4 =Λ̂4 + Λ̃4, (12e)

Λ5 =Λ̂5 + Λ̃5, (12f)

Λ6 =Λ̂6 + Λ̃6 (12g)

with

Λ̂0 =Aρ̂k −H
ρ̂
k+1C

ρ̂
k+1A

ρ̂
k −K

ρ̂
1,kC

ρ̂
k , (13a)

Λ̂1 =Aρ̂k −H
ρ̂
k+1C

ρ̂
k+1A

ρ̂
k −K

ρ̂
1,kC

ρ̂
k −N

ρ̂
k , (13b)

Λ̂2 =(Aρ̂k −H
ρ̂
k+1C

ρ̂
k+1A

ρ̂
k −K

ρ̂
1,kC

ρ̂
k)H ρ̂

k −K
ρ̂
2,k, (13c)

Λ̂3 =Bρ̂k − T
ρ̂
k −H

ρ̂
k+1C

ρ̂
k+1B

ρ̂
k , (13d)

Λ̂4 =Eρ̂k −H
ρ̂
k+1C

ρ̂
k+1E

ρ̂
k , (13e)

Λ̂5 =−H ρ̂
k+1F

ρ̂
k+1, (13f)

Λ̂6 =−K ρ̂
1,kF

ρ̂
k (13g)

and

Λ̃0 =−
m∑
i=1

Aiρ̃ik −H ρ̂
k+1(

m∑
i=1

Ciρ̃ik+1)(

m∑
i=1

Aiρ̃ik)

+H ρ̂
k+1C

ρ̂
k+1(

m∑
i=1

Aiρ̃ik) +H ρ̂
k+1(

m∑
i=1

Ciρ̃ik+1)Aρ̂k

+K ρ̂
1,k(

m∑
i=1

Ciρ̃ik), (14a)

Λ̃1 =− (

m∑
i=1

Aiρ̃ik)−H ρ̂
k+1(

m∑
i=1

Ciρ̃ik+1)(

m∑
i=1

Aiρ̃ik)

+H ρ̂
k+1C

ρ̂
k+1(

m∑
i=1

Aiρ̃ik) +H ρ̂
k+1(

m∑
i=1

Ciρ̃ik+1)Aρ̂k

+K ρ̂
1,k(

m∑
i=1

Ciρ̃ik+1), (14b)

Λ̃2 =− (

m∑
i=1

Aiρ̃ik)H ρ̂
k −H

ρ̂
k+1(

m∑
i=1

Ciρ̃ik+1)(

m∑
i=1

Aiρ̃ik)H ρ̂
k

+H ρ̂
k+1C

ρ̂
k+1(

m∑
i=1

Aiρ̃ik)H ρ̂
k +K ρ̂

1,k(

m∑
i=1

Ciρ̃ik+1)H ρ̂
k

+H ρ̂
k+1(

m∑
i=1

Ciρ̃ik+1)Aρ̂kH
ρ̂
k , (14c)

Λ̃3 =H ρ̂
k+1C

ρ̂
k+1(

m∑
i=1

Biρ̃ik)−H ρ̂
k+1(

m∑
i=1

Ciρ̃ik+1)(

m∑
i=1

Biρ̃ik)

− (

m∑
i=1

Biρ̃ik) +H ρ̂
k+1(

m∑
i=1

Ciρ̃ik+1)Bρ̂k , (14d)

Λ̃4 =H ρ̂
k+1(

m∑
i=1

Ciρ̃ik+1)Eρ̂k −H
ρ̂
k+1(

m∑
i=1

Ciρ̃ik+1)(
m∑
i=1

Eiρ̃ik)

− (

m∑
i=1

Eiρ̃ik) +H ρ̂
k+1C

ρ̂
k+1(

m∑
i=1

Eiρ̃ik), (14e)

Λ̃5 =H ρ̂
k+1(

m∑
i=1

F iρ̃ik+1) =
m∑
i=1

(H ρ̂
k+1F

i)ρ̃ik+1, (14f)

Λ̃6 =K ρ̂
1,k(

m∑
i=1

F iρ̃ik) =

m∑
i=1

(K ρ̂
1,kF

i)ρ̃ik. (14g)

Since ρk is unknown in the LPV system (1), it is impossible
to exactly know Λ0, Λ1, Λ2, Λ3, Λ4, Λ5 and Λ6 in (11). This
means that it is difficult to directly design Λ1, Λ2, Λ3 and Λ4

to be zeros to apply the classical idea of the traditional UIO
to remove the effect of unknown inputs. However, as seen in
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(12), (13) and (14), the SE error dynamics can be divided into
a known part described by Λ̂0, Λ̂1, Λ̂2, Λ̂3, Λ̂4, Λ̂5 and Λ̂6,
and an unknown part described by Λ̃0, Λ̃1, Λ̃2, Λ̃3, Λ̃4, Λ̃5 and
Λ̃6. Here, we can consider designing the parametric matrices
to remove the effect of unknown inputs on the known part.
But for the unknown part of the dynamics, although the exact
values of its parametric matrices cannot be obtained, we can
still use the set theory to compute the sets of the corresponding
signals by considering the bounds of ρ̃k. Based on these ideas
above, it is still possible to use the set theory and the notion
of UIO to implement robust FD and SE for the LPV system
(1). Moreover, the effect of unknown inputs on the known part
of dynamics is removed and consequently the conservatism of
robust FD and SE can be reduced to some extent.

This paragraph briefly introduces Sections III and IV to
help the readers understand the logic of this paper. On one
hand, for the LPV systems (1), we propose a novel robust
FD method for such LPV systems based on the set theory
and the notion of UIO. The proposed robust FD method can
be applied to the LPV systems (1) with both state and output
equations scheduled by inexact scheduling variables and is free
from the limit of Assumption 2 given in Section IV. This part
of contributions will be presented in Section III. On the other
hand, under Assumption 2 (i.e., the unknown input decoupling
condition), a novel SUIO is proposed for a reduced version
(46) of the LPV systems (1). The proposed SUIO can only
be designed for the reduced LPV system (46) with a constant
output matrix (i.e., the LPV system (1) under Assumption 2).
This part of contributions will be presented in Section IV.

III. ROBUST FAULT DETECTION OF LPV SYSTEMS

This section proposes a novel robust FD method for the
LPV systems (1) with state and output equations scheduled
by inexact scheduling variables. In general, due to the mea-
surement errors in the scheduling variables, we cannot actively
decouple unknown inputs. However, we still use the notion of
UIO to remove the effect of unknown inputs on the known part
(13) of the SE error dynamics and then further combine the
set theory to handle the remaining uncertainties to achieve FD
robustness and simultaneously reduce the FD conservatism.

A. Analysis of FD Conservatism

For the LPV systems, a general case is that both Eρk and
Cρk are dependent of ρk and unknown as shown in (1). By
analyzing (10), we see that ωk, ηk and ηk+1 are unknown
while zk, yk and uk are available. Based on the general idea
of set-based FD methods, we have to consider the bounds of
ωk, ηk and ηk+1 instead of themselves to generate residual sets
for robust FD. Thus, in order to reduce the FD conservatism,
the idea is to reduce the effect of ωk, ηk and ηk+1 on the sizes
of residual sets as much as possible. Contrarily, since zk, yk
and uk are known, they do not affect the sizes of residual sets.
Thus, from the FD conservatism viewpoint, we should reduce
the effects of the terms related to ωk, ηk and ηk+1 in (10)
(i.e., the terms Λ4ωk, Λ5ηk+1 and Λ6ηk in (10)).

According to (11), since the parametric matrices Λ4, Λ5 and
Λ6 of the LPV system (1) are unknown, it is impossible to

design the parametric matrices of (5) to completely remove
the effect of ωk, ηk and ηk+1 (i.e., impossible to make all
Λ4, Λ5 and Λ6 be zeros in (10)). But, we can try to design
the parametric matrices of (5) to reduce the effect of ωk, ηk
and ηk+1 as much as possible. As done in (13) and (14), the
parametric matrices of (10) can be divided into a known part
(13) and an unknown part (14). Even though it is impossible
to eliminate the unknown part, it is still possible to remove
some terms of the known part by turning to the notion of UIO,
which is the main idea to reduce the FD conservatism here.

We propose to design proper parametric matrices N ρ̂
k , T ρ̂k ,

K ρ̂
k and H ρ̂

k to eliminate part of effects of ωk, ηk and ηk+1

in (10). Similarly, since zk, yk and uk are known, it is
unnecessary to design Λ̂1, Λ̂2, Λ̂3 to be zeros in (10). But
ωk, ηk and ηk+1 are unknown, when using the set theory to
handle them for robust FD, we have to consider and propagate
their bounds through the dynamics online to obtain residual
sets. Thus, in order to reduce the FD conservatism, we should
reduce the effect of ωk, ηk and ηk+1 as much as possible.

By analyzing (13e), (13f) and (13g), we can know that in
some sense, there is no solution simultaneously making (13e)
and (13f) be zeros. But it is possible to simultaneously design
(13e) and (13g) (or ((13f) and (13g))) be zeros. Thus, we can
have two general situations on reducing the FD conservatism
originated from ωk, ηk and ηk+1:
• Situation 1: design both (13e) and (13g) to be zeros;
• Situation 2: design both (13f) and (13g) to be zeros.
From practical viewpoints, we can compare these two

situations and select a better one to design a robust FD
algorithm by considering the system features to obtain a better
FD performance (see [35] for a method that may be used to
compare the FD conservatism of these two situations).

B. The First Situation

When Situation 1 is chosen, we design H ρ̂
k and K ρ̂

1,k such
that Λ̂4 = 0 and Λ̂6 = 0 (see (13e) and (13g)). Similarly,
according to [10], the condition to solve Λ̂4 = 0 is

rank(Eρ̂k) = rank(C ρ̂k+1E
ρ̂
k) for all ρ̂k ∈ P. (15)

Remark 2. The verification of the condition (15) consists in
checking the matrix ranks of

Eρ̂k =

N∑
i=1

λρ̂i,kEi, (16a)

C ρ̂k+1E
ρ̂
k =

N∑
i=1

N∑
j=1

λρ̂i,kλ
ρ̂
j,k+1CjEi, (16b)

which can be done by using some results shown in [31].

Under the condition (15), we solve (13e) to obtain

H ρ̂
k+1 = Eρ̂k [(C ρ̂k+1E

ρ̂
k)TC ρ̂k+1E

ρ̂
k ]−1(C ρ̂k+1E

ρ̂
k)T

+ H̊
{
I − C ρ̂k+1E

ρ̂
k [(C ρ̂k+1E

ρ̂
k)TC ρ̂k+1E

ρ̂
k ]−1

(C ρ̂k+1E
ρ̂
k)T
}
, (17)

where (·)−1 and (·)T denote the pseudo inverse and transpose,
respectively and H̊ is an arbitrary compatible matrix.
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Lemma 1. Given known compatible matrices Q and R, if
RQ{1}Q = R holds, then there exists a solution X such that
XQ = R. The general solution is obtained as X = RQ{1} +
Y (I − QQ{1}), where Y is an arbitrary compatible matrix,
I is the compatible identity matrix and Q{1} is the type-1
generalized inverse of the matrix Q.

By using Lemma 1, the solution of Λ̂6 = 0 is

K ρ̂
1,k = Y1(I − F ρ̂k (F ρ̂k ){1}). (18)

Notice that H ρ̂
k+1 and K ρ̂

1,k should satisfy (17) and (18)
to decouple the effects of unknown inputs and measurement
noises on the known part of the dynamics. Observing (17)
and (18), H ρ̂

k+1 and K ρ̂
1,k may not be affine functions with

respect to ρ̂k. In this case, we cannot make the polytopic
decomposition of H ρ̂

k+1 and K ρ̂
1,k with respect to ρ̂k at all.

However, in order to establish stability conditions, we need
to obtain the polytopic decomposition of H ρ̂

k+1 and K ρ̂
1,k. By

considering the bounds of ρ̂k in (6), we can obtain polytopic
sets of H ρ̂

k+1 and K ρ̂
1,k using (17) and (18), respectively. Thus,

we assume two new scheduling vectors as functions of ρ̂k:

ρ̂hk = fh(ρ̂k), (19a)

ρ̂k1
k = fk1(ρ̂k) (19b)

and can then transform (17) and (18) into their equivalent
polytopic decomposition as

H ρ̂
k+1 =

O1∑
i=1

λi(ρ̂
h
k+1)H̄i, (20a)

K ρ̂
1,k =

O2∑
i=1

λi(ρ̂
k1
k )K̄1,i, (20b)

where H̄i and K̄1,i are the i-th vertex matrices of the polytopic
sets of H ρ̂

k+1 and K ρ̂
1,k, respectively, and O1 and O2 denote

the numbers of vertex matrices of the polytopic sets of H ρ̂
k+1

and K ρ̂
1,k subject to (17) and (18), respectively.

Remark 3. The arbitrarily given H̊ and Y1 are implicitly
included into (20), which can be used as two degrees of
freedom to stabilize the corresponding dynamics.

Thus, based on (17) and (18), (10) can be transformed into

ek+1 =Λ0ek + Λ1zk + Λ2yk + Λ3uk + Λ̃4ωk

+ Λ5ηk+1 + Λ̃6ηk. (21)

By integrating (5) with (21), we can obtain the dynamics

ζk+1 =Φ′0ζk + Φ′1µk + Φ′2ωk + Φ′3ηk+1 + Φ′4ηk, (22a)
ξk =Ψ0ζk + Ψ1µk, (22b)
yk =Cρkξk + F ρk ηk, (22c)

where ξk denotes the output vector1 of the dynamics with
ξk = xk and the other variables and matrices are defined as

Ψ0 =
[
I I
]
,Ψ1 =

[
Hρ̂k 0

]
,Φ′0 =

[
N ρ̂k 0
Λ1 Λ0

]
,Φ′1 =

[
Kρ̂
k T

ρ̂
k

Λ2 Λ3

]
,

1Although ξk equals to the state xk and cannot be obtained, it is the
formatted output vector of the equivalent augmented dynamics, which will be
used for the design of SUIO presented in the following Section IV.

Φ′2 =
[

0
Λ̃4

]
,Φ′3 =

[
0

Λ5

]
,Φ′4 =

[
0

Λ̃6

]
, ζk =

[ zk
ek

]
, µk =

[ yk
uk

]
.

Based on (22), the nominal dynamics of (22) are defined as

ζ̄k+1 =Φ′0ζ̄k + Φ′1µk, (23a)
ξ̄k =Ψ0ζ̄k + Ψ1µk, (23b)
ȳk =Cρk ξ̄k. (23c)

By using (22a) and (23a), the dynamics of ζ̃k = ζk− ζ̄k are

ζ̃k+1 = Φ′0ζ̃k + Φ′2ωk + Φ′3ηk+1 + Φ′4ηk. (24)

Based on the analysis above, robust stability results using
the Lyapunov stability theory are obtained in Theorem 1.

Theorem 1. For the system (1) and parametric matrices of
(5), the dynamics (24) is robustly stable if there exist symmetric
positive definite matrices Pi0 and Pj1 such that

Ωi0,i1,i2,j1,j2,g1,g2,h1,h2,l1,l2,t1,t2,b1,b2,d1,d2 =
Φ′
T
0,j1,g1,h1,l1,t1Pi0Φ′0,j2,g2,h2,l2,t2 − Pj1

∗
∗
∗

Φ′
T
0,j1,g1,h1,l1,t1Pi0Φ′2,i2,j2,l2,b2,d2 Φ′

T
0,j1,g1,h1,l1,t1Pi0Φ′3,h2,l2

Φ′
T
2,i1,j1,l1,b1,d1Pi0Φ′2,i2,j2,l2,b2,d2 Φ′

T
2,i1,j1,l1,b1,d1Pi0Φ′3,h2,l2

∗ Φ′
T
3,h1,l1Pi0Φ′3,h2,l2

∗ ∗
Φ′
T
0,j1,g1,h1,l1,t1Pi0Φ′4,t2,d2

Φ′
T
2,i1,j1,l1,b1,d1Pi0Φ′4,t2,d2
Φ′
T
3,h1,l1Pi0Φ′4,t2,d2

Φ′
T
4,t1,d1Pi0Φ′4,t2,d2

 ≺ 0 (25)

with

Φ′0,j,g,h,l,t =
[

Nj 0

Ag−H̄lChAg−K̄1,tCg−Nj Ag−H̄lChAg−K̄1,tCg

]
,

Φ′2,i,j,l,b,d =

[
0

H̄lC(P̊b⊗I)Ej−H̄lC(P̊b⊗I)E(P̊d⊗I)−E(P̊d⊗I)+
H̄lCiE(P̊d⊗I)

]
,

Φ′3,h,l =
[

0
−H̄lFh

]
, Φ′4,t,d =

[
0

K̄1,tF(P̊d⊗I)

]
,

C =
[
C1 C2 ··· Cm

]
, E =

[
E1 E2 ··· Em

]
,

F =
[
F 1 F 2 ··· Fm

]
,

for ∀ i, j, g, h, b, d = 1, 2, · · · , N , l = 1, 2, · · · , O1 and
t = 1, 2, · · · , O2 with the indices defined as

N ρ̂
k =

N∑
j=1

λρ̂j,kNj , A
ρ
k =

N∑
g=1

λρg,kAg,

Cρk+1 =

N∑
h=1

λρh,k+1Ch, C
ρ
k =

N∑
g=1

λρg,kCg,

H ρ̂
k+1 =

O1∑
l=1

λρ̂
h

l,k+1H̄l, K
ρ̂
1,k =

O2∑
t=1

λρ̂
k1

t,k K̄1,t,

m∑
i=1

Ciρ̃ik+1 =C(ρ̃k+1 ⊗ I) =

N∑
b=1

λρ̃b,k+1C(P̊b ⊗ I),
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m∑
i=1

Eiρ̃ik =E(ρ̃k ⊗ I) =

N∑
d=1

λρ̃d,kE(P̊d ⊗ I),

m∑
i=1

F iρ̃ik =F(ρ̃k ⊗ I) =

N∑
d=1

λρ̃d,kF(P̊d ⊗ I),

where the indices i, j, g, h, l, t, b and d take i0 (i1 or i2),
j1 (or j2), g1 (or g2), h1 (or h2), l1 (or l2), t1 (or t2), b1
(or b2) and d1 (or d2), respectively,

∑N
b=1 λ

ρ̃
b,k+1 = 1 with

0 ≤ λρ̃b,k+1 ≤ 1 (similar to λρ̃d,k), and P̊b is the b-th vertex of
the bounding set P̃ (similar to P̊d).

Proof. See Proof of Theorem 1 in Appendix.

Although Theorem 1 gives robust stability conditions with
respect to both parametric uncertainties, unknown inpus and
noises, it is observed that these conditions are quite conserva-
tive even provide no solutions to the parametric matrices of
(5) in some cases. Thus, considering that the robust stability
conditions in Theorem 1 are only sufficient conditions and
that the uncertain factors ηk and ηk+1 in (24) are bounded,
we further make a stability analysis for the nominal system:

ζ̃k+1 =Φ′0ζ̃k, (28)

which omits the effect of the unknown inputs and noises. Here,
stability results in Lemmas 2 and 3 taken from [11] and [30]
are first recalled for stability analysis of (28).

Lemma 2. Considering the discrete LPV system:

xk+1 =

[
Aρ̂11,k 0

Aρ̂21,k A
ρ̂
22,k

]
xk (29)

and assume that Aρ̂11,k and Aρ̂22,k are quadratically stable2,
respectively, then the LPV system (29) is quadratically stable.

Lemma 3. The dynamics xk+1 = Aρ̂kxk is stable if and only
if there exists symmetric definite matrices Si, Sj and matrices
Gi such that[

Sj ∗
GiAi Gi+GTi −Si

]
� 0, ∀ i, j = 1, 2, , N, (30)

where the symbol ∗ denotes the transpose of GiAi. In this
case, the time-varying parameter dependent Lyapunov function
for the stability is given as V (xk, λ

ρ̂
i,k) = xTk S

ρ̂
kxk with Sρ̂k =∑N

i=1 λ
ρ̂
i,kSi,

∑N
i=1 λ

ρ̂
i,k = 1 and 0 ≤ λρ̂i,k ≤ 1.

It can be observed that Φ′0 is a triangular block matrix. By
using the results in Lemmas 2 and 3, stability conclusions for
(28) are obtained in Theorem 2. It is clear that Theorem 2 is
less conservative than Theorem 1. Thus, we treat Theorem 2
as more pragmatic stability conditions than Theorem 1, which
may be able to reduce the conservatism when designing the
parametric matrices of (5) for robust FD.

Theorem 2. For the system (1) and a group of parametric
matrices of (5), the dynamics (28) is stable if there exist
symmetric definite matrices S1,i, S1,j , S2,i, S2,j , and matrices
G1,i and G2,i such that[

S1,j ∗
G1,iNi G1,i+G

T
1,i−S1,i

]
�0, (31a)

2The expression on the stability of a matrix Aρ̂k means the stability of the
system xk+1 = Aρ̂kxk .

[
S2,j ∗

G2,i(Ai−H̄gChAi−K̄1,lCi) G2,i+G
T
2,i−S2,i

]
�0 (31b)

∀i, j, h = 1, 2, · · · , N , g = 1, 2, · · · , O1 and l = 1, 2, · · · , O2,
with the indices defined as N ρ̂

k =
∑N
i=1 λ

ρ̂
i,kNi, A

ρ
k =∑N

i=1 λ
ρ
i,kAi, C

ρ
k =

∑N
i=1 λ

ρ
i,kCi, C

ρ
k+1 =

∑N
h=1 λ

ρ
h,k+1Ch,

H ρ̂
k+1 =

∑O1

g=1 λ
ρ̂h

g,k+1H̄g and K ρ̂
1,k =

∑O2

l=1 λ
ρ̂k1

l,k K̄1,l, where
the symbol ∗ denotes the transpose of G1,iNi in (31a) and
G2,i(Ai − H̄gChAi − K̄1,lCi) in (31b), respectively.

Proof. See Proof of Theorem 2 in Appendix.

C. The Second Situation

In Situation 2, the basic idea is similar to Situation 1. For
some LPV systems (1), the effect of the term ηk+1 on the FD
conservatism may be higher than that of the term ωk, in this
case, choosing to actively decouple ηk+1 (i.e., corresponding
to (13f)) instead of ωk (i.e., corresponding to (13e)) is possible
to provide better robust FD performance, which is the main
motivation of this subsection. Thus, in Situation 2, we design
H ρ̂
k and K ρ̂

1,k such that Λ̂5 = 0 and Λ̂6 = 0 (see (13f) and
(13g)). By using Lemma 1, the solution of Λ̂5 = 0 is

H ρ̂
k+1 = Y2(I − F ρ̂k+1(F ρ̂k+1){1}). (32)

Similarly, by substituting (18) and (32) into (10), the dy-
namics (10) can be transformed into

ek+1 =Λ0ek + Λ1zk + Λ2yk + Λ3uk + Λ4ωk

+ Λ̃5ηk+1 + Λ̃6ηk. (33)

The integrated dynamics of (5) and (33) can be obtained in
the similar way. However, in Situation 2, the matrices Φ′2 and
Φ′3 in (22) should be modified into

Φ′′2 =
[

0
Λ4

]
, Φ′′3 =

[
0

Λ̃5

]
. (34)

Furthermore, we can design the dynamics similar with (23)
corresponding to Situation 2 and the error between the inte-
grated dynamics and the nominal dynamics of this integrated
dynamics can be derived as the same mathematical form with
(24). However, we should consider the new expressions of Φ′′2
and Φ′′3 in the dynamics of the error as given in (34).

Moreover, a stability theorem can also be established for
Situation 2 as done in Section III-B by considering both (18)
and (32) to design parametric matrices for stability guarantees.

Remark 4. The constraints Λ̂4 = 0 and Λ̂6 = 0 for partially
decoupling the effects of unknown inputs and measurement
noises on the known part (13) of (10) have already been
integrated into the stability conditions in Theorems 1 and
2 by substituting (20) (i.e., (17) and (18)) into (10) and
consequently obtaining (21), (22a), (24) and (28), which
provides more design degrees of freedom to the parametric
matrices of (5). Please also see [4], [5] for more details on
the point integrating unknown inputs decoupling conditions
with stability conditions in the design of UIOs.



JOURNAL OF LATEX CLASS FILES, VOL. 13, NO. 9, MARCH 2016 7

Fig. 1. Flow chart of robust FD

D. Robust Fault Detection

Due to the fact that Situations 1 and 2 are similar, this
subsection only takes Situation 1 as an example to propose a
novel robust FD method for the general LPV system (1).

In Section III-B, since Φ′0 and Φ′1 are unknown, ξk and ζk
are actually unknown signals. This implies that the dynamics
(23) cannot be used as an observer to generate available
residual signals. However, we can still define an intermediate
signal rk by using (22) and (23) for residual analysis:

rk = yk − ȳk = CρkΨ0ζ̃k + F ρk ηk, (35)

where ζ̃k = ζk− ζ̄k is subject to (24). Because rk is unknown
as well, we define a set-based observer using (23) as

Γ̂′k+1 =Φ′0Γ̂′k ⊕ {Φ′1µk}, (36a)

Ξ̂′k =Ψ0Γ̂′k ⊕ {Ψ1µk}, (36b)

Ŷ1,k =C ρ̂k Ξ̂′k, (36c)

Ŷ2,k =Cρk Ξ̂′k, (36d)

where Φ′0 and Φ′1 are the interval matrices of Φ′0 and Φ′1,
respectively (note that Φ′0 and Φ′1 can be computed in the
same way with Φ0 and Φ1 derived in (58) in the following
Section IV by considering the bounds P̃i of ρ̃ik for all i =
1, 2, · · · ,m for Λ̃0, Λ̃1, Λ̃2 and Λ̃3 in (14)), Γ̂′k and Ξ̂′k are
the estimated sets of ζ̄k and ξ̄k, respectively, and Ŷ1,k and Ŷ2,k

are available and unavailable sets, respectively, both defined
for the implementation of the proposed robust FD method.

Based on (22) and (36), the two following residual sets are
defined for the implementation of robust FD:

R1,k ={yk} ⊕ (−Ŷ1,k), (37a)

R2,k ={yk} ⊕ (−Ŷ2,k), (37b)

where R1,k is known but R2,k is unknown. Moreover, using
the results in (8) and (37), the mathematical relationship
between R1,k and R2,k can be derived as

R1,k = {yk} ⊕ (−Ŷ1,k) = {yk} ⊕ (−C ρ̂k Ξ̂′k)

= {yk} ⊕ (−Cρk −
m∑
i=1

Ciρ̃ik)Ξ̂′k

= R2,k ⊕ (−
m∑
i=1

Ciρ̃ik)Ξ̂′k. (38)

As seen in (38), it is necessary to further analyze the feature
of R2,k to understand the feature of R1,k in detail. Thus,
according to (8), (22), (36) and (37b), we can have

R2,k ={yk} ⊕ (−Ŷ2,k) = Cρk{{xk} ⊕ (−Ξ̂′k)} ⊕ {F ρk ηk}

=Cρk{{ξk} ⊕ (−Ξ̂′k)} ⊕ {F ρk ηk} = CρkΨ0Γ′k ⊕ {F ρk ηk}

=(C ρ̂k −
m∑
i=1

Ciρ̃ik)Ψ0Γ′k ⊕ {(F ρ̂k −
m∑
i=1

F iρ̃ik)ηk} (39)

with

Γ′k = {ζk} ⊕ (−Γ̂′k). (40)

Furthermore, considering the bounds Φ′0, Φ′1, Φ′2, Φ′3, Φ′4,
W , V of Φ′0, Φ′1, Φ′2, Φ′3, Φ′4, ωk and ηk (or ηk+1), the set-
based dynamics of (22a) can be derived as

Γ̌k+1 =Φ′0Γ̌k ⊕Φ′1µk ⊕Φ′2W ⊕Φ′3V ⊕Φ′4V, (41)

where if ζ0 ∈ Γ̌0 is given, we can have ζk ∈ Γ̌k for all k > 0.
Note that the computation of Φ′2, Φ′3, Φ′4 is similar with the
computation of Φ′0 and Φ′1 introduced above. Additionally,
considering that Φ′0, Φ′1, Φ′2, Φ′3 and Φ′4 are all interval
matrices, the methods given in Properties 3 and 4 in Appendix
are used to implement the zonotopic propagation in (41).

Thus, according to (36a), (40) and (41), we could construct
a bounding set Γk for Γ′k, i.e.,

Γ′k ⊆ Γk = Γ̌k ⊕ (−Γ̂′k). (42)

Moreover, by considering Γk, P̃i and V to replace Γ′k, ρ̃ik
and ηk in (39), we can obtain the bounding set of R2,k as

R2,k ⊂ R2,k =(C ρ̂k −
m∑
i=1

CiP̃ i)Ψ0Γk

⊕ (F ρ̂k −
m∑
i=1

F iP̃ i)V. (43)

According to (38), since R2,k is an unknown set, a bounding
set R1,k of R1,k can be further constructed by using the
bounding set R2,k of R2,k as

R1,k =R2,k ⊕ (−
m∑
i=1

CiP̃ i)Ξ̂′k, (44)

i.e.,

R1,k ⊆ R1,k. (45)

Note that since both R1,k and R1,k can be computed online
by using (37a), (43) and (44), respectively, the inclusion (45)
can be used as a robust FD criterion of the LPV system (1).
This implies that, as long as (45) is violated at a time instant, it
is sure that the LPV system (1) has become faulty. Otherwise,
it is considered that the system is still healthy.
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Moreover, since the FD criterion (45) is to test the inclusion
between two real-time available sets, the unknown measure-
ment errors of scheduling variables can be effectively handled,
which is different from the traditional robust FD methods. In
order to help the readers understand the logic of the proposed
FD, a flow chart of robust FD is shown in Figure 1.

Remark 5. Since this paper only considers robust FD while
fault isolation is not included, all types of faults can be
detected as long as the FD criterion (45) is violated. Thus,
without loss of generality, only actuator faults will be used to
show the effectiveness of the proposed robust FD method in
the illustrative example given in Section V.

IV. DESIGN OF SUIO FOR LPV SYSTEMS

Different from Section III, this section designs an SUIO for
a reduced version of the LPV systems (1) under the unknown
input decoupling condition given in Assumption 2.

A. Unknown Input Decoupling Condition for LPV Systems

In Section II-C, the dynamics of the SE error of the observer
(5) for the LPV system (1) is obtained in (10). It can be
observed that the parametric matrix Λ4 derived in (11e) should
be designed to be zero such that the unknown input vector ωk
is actively decoupled by (5).

Assumption 2. For the LPV system (1), Cρk is a known
constant matrix denoted as C and Eρk can be factorized into
Eρk = EĒρk (or Eρk is also a known constant matrix denoted as
E) with rank(E) = rank(CE), where E is a known constant
matrix and Ēρk is a scheduling vector-dependent matrix.

To explain the proposed SUIO design method, a general
SUIO definition referring to [36] is stated in Definition 1.

Definition 1. For a system under effects of uncertain fac-
tors (i.e., unknown inputs, process disturbances, measure-
ment/modeling errors and measurement noises), an SUIO is
defined as a robust SE observer, which is able to complete-
ly/partially remove the effects of unknown inputs on robust SE,
simultaneously use the set theory to bound the effects of other
uncertain factors and eventually obtain robust SE sets always
including the real system states.

The condition in Assumption 2 is the unknown input
decoupling condition of the LPV system (1) and is only made
for the design of SUIO in Section IV. Under this assumption,
the LPV system (1) is reduced into

xk+1 = Aρkxk +Bρkuk + EĒρkωk, (46a)
yk = Cxk + F ρk ηk. (46b)

This implies that, under Assumption 2 and Definition 1,
we could design an SUIO for the LPV system (46) and the
mathematical form of the UIO (5) should also be reduced into

zk+1 = N(ρ̂k)zk + T (ρ̂k)uk +K(ρ̂k)yk, (47a)
x̂k = zk +Hyk, (47b)

where the parametric matrix H is a constant matrix.

Correspondingly, the dynamics of the SE error of (47) is
further transformed into

ek+1 =Λ′0ek + Λ′1zk + Λ′2yk + Λ′3uk + Λ′4ωk

+ Λ′5ηk+1 + Λ′6ηk, (48)

where

Λ′0 =Λ̂′0 + Λ̃′0, Λ′1 = Λ̂′1 + Λ̃′1, Λ′2 = Λ̂′2 + Λ̃′2, Λ′3 = Λ̂′3 + Λ̃′3,

Λ′4 =Λ̂′4 + Λ̃′4, Λ′5 = Λ̂′5 + Λ̃′5, Λ′6 = Λ̂′6 + Λ̃′6. (49)

The parametric matrices of the dynamics in (48) and (49)
are obtained by reducing (11) and (14) into

Λ̂′0 =Aρ̂k −HCA
ρ̂
k −K

ρ̂
1,kC, (50a)

Λ̂′1 =Aρ̂k −HCA
ρ̂
k −K

ρ̂
1,kC −N

ρ̂
k , (50b)

Λ̂′2 =(Aρ̂k −HCA
ρ̂
k −K

ρ̂
1,kC)H −K ρ̂

2,k, (50c)

Λ̂′3 =Bρ̂k − T
ρ̂
k −HCB

ρ̂
k , (50d)

Λ̂′4 =E −HCE, (50e)

Λ̂′5 =−HF ρ̂k+1, (50f)

Λ̂′6 =−K ρ̂
1,kF

ρ̂
k (50g)

and

Λ̃′0 =−
m∑
i=1

(Ai −HCAi)ρ̃ik, (51a)

Λ̃′1 =−
m∑
i=1

(Ai −HCAi)ρ̃ik, (51b)

Λ̃′2 =−
m∑
i=1

(Ai −HCAi)Hρ̃ik, (51c)

Λ̃′3 =−
m∑
i=1

(Bi −HCBi)ρ̃ik, (51d)

Λ̃′4 =0, (51e)

Λ̃′5 =

m∑
i=1

HF iρ̃ik, (51f)

Λ̃′6 =

m∑
i=1

K ρ̂
1,kF

iρ̃ik. (51g)

For further analysis, an augmented dynamics integrating
(47a) with (48) can be obtained as

ζk+1 =Φ0ζk + Φ1µk + Φ2ωk + Φ3ηk+1 + Φ4ηk, (52a)
ξk =Ψ0ζk + Ψ1µk, (52b)

with

Φ0 =
[
N ρ̂k 0

Λ′1 Λ′0

]
,Φ1 =

[
Kρ̂
k T

ρ̂
k

Λ′2 Λ′3

]
,

Φ2 =
[

0
Λ′4

]
,Φ3 =

[
0

Λ′5

]
,Φ4 =

[
0

Λ′6

]
.

From (50) and (51), it is almost impossible to remove the
effect of zk, yk and uk on the dynamics of the SE error. But
it is possible to design Λ′4 to be zero such that the effect of
unknown inputs contained in ωk on robust SE is removed.
Moreover, based on the results in [10], the condition to solve

Λ′4 = 0 (53)

is given as rank(E) = rank(CE) as shown in Assumption 2
and the solution of (53) can be computed as

H =E[(CE)TCE]−1(CE)T
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+ H̄{I − CE[(CE)TCE]−1(CE)T }, (54)

where H̄ is an arbitrary compatible matrix.

B. SUIO for Robust State Estimation

Due to the measurement error ρ̃k, some parametric matrices
of the augmented dynamics (52) are unknown. Thus, it is
difficult to directly design an observer for (52) to obtain robust
SE. In order to solve this problem, this paper proposes to
use the nominal system of (52) to divide the SE problem
of the system (46) into two parts: the output estimation of
this nominal system and the difference estimation between the
system (52) and its nominal system. As a result, robust SE of
the system (46) can be obtained by using the estimations of
these two parts. The nominal system is defined as

ζ̄k+1 =Φ0ζ̄k + Φ1µk, (55a)
ξ̄k =Ψ0ζ̄k + Ψ1µk, (55b)

where ζ̄k and ξ̄k are the state and output vectors of (55). Thus,
under the condition (53) and Assumption 2, by using (52a) and
(55a), the dynamics of ζ̃k = ζk − ζ̄k can be derived as

ζ̃k+1 =Φ0ζ̃k + Φ3ηk+1 + Φ4ηk, (56)

where Φ0 and Φ1 can be rewritten into

Φ0 =
[
N ρ̂k 0

Λ̂′1 Λ̂′0

]
+

m∑
i=1

[
0 0

HCAi−Ai HCAi−Ai
]
ρ̃ik, (57a)

Φ1 =
[
Kρ̂
k T

ρ̂
k

Λ̂′2 Λ̂′3

]
+

m∑
i=1

[
0 0

(HCAi−Ai)H HCBi−Bi
]
ρ̃ik. (57b)

Remark 6. The equivalent transformations of Φ0 and Φ1

given in (57) are mainly used to reduce the computational
conservatism of interval operations (more details on interval
operations can be found in [23]).

In (51), since ρ̃ik is unknown, Φ0 and Φ1 are also unknown.
Thus, we turn to the set theory by considering the bounds of
ρ̃ik given in (4) to compute the bounds of Φ0 and Φ1 as

Φ0 =
[
N ρ̂k 0

Λ̂′1 Λ̂′0

]
+

m∑
i=1

[
0 0

HCAi−Ai HCAi−Ai
]
P̃i, (58a)

Φ1 =
[
Kρ̂
k T

ρ̂
k

Λ̂′2 Λ̂′3

]
+

m∑
i=1

[
0 0

(HCAi−Ai)H HCBi−Bi
]
P̃i, (58b)

respectively, where Φ0 and Φ1 are two interval matrices.
Based on (55) and (58), we can design a set-based observer

for the nominal system (55):

Γ̂k+1 =Φ0Γ̂k ⊕Φ1µk, (59a)

Ξ̂k =Ψ0Γ̂k ⊕Ψ1µk, (59b)

where Γ̂k and Ξ̂k are the estimated sets of ζ̄k and ξ̄k,
respectively, (i.e., ζ̄k ∈ Γ̂k and ξ̄k ∈ Ξ̂k).

For a balance between computational complexity and ac-
curacy, zonotopes are used for set computations in this paper
and the definition of zonotopes are given in Definition 2 in
Appendix. Note that, by using Properties 1, 2, 3, 4 and 5 in
Appendix, the set-based observer (59) can be implemented

(especially, the methods in Properties 3 and 4 are used to
implement the zonotopic propagation (59) and (60) similar
to (41)). But, in order to obtain a zonotopic estimated set,
we have to do a zonotopic outer-approximation at each step
as shown in Property 5. For simplicity, we still use the
same notations Γ̂k and Ξ̂k to denote their zonotopic outer-
approximations for (59) here and in the following part of this
paper (see Property 4). Additionally, as k increases, the order
of estimated zonotopes also increases. Thus, Property 5 should
be used to control the order in the implementation of (59).

Based on the results above and under the decoupling con-
ditions of unknown inputs given in (53) and Assumption 2, a
novel SUIO is designed for the LPV system (46) in Theorem 3.

Theorem 3. For the LPV system (46), the dynamics

Γk+1 =Φ0Γk ⊕Φ3V ⊕Φ4V, (60a)

X̂k =Ξ̂k ⊕Ψ0Γk (60b)

is an SUIO of (46), where Φ3 and Φ4 are interval matrices
of Φ3 and Φ4 for ρ̃k ∈ P̃ , respectively, and Γk is the set of
ζ̃k. Moreover, for initial vectors ζ0, ζ̄0 and initial set Γ0, as
long as ζ̃0 ∈ Γ0 is given, it follows

xk ∈ X̂k, (61)

where X̂k is the robust SE set at time instant k.

Proof. See Proof of Theorem 3 in Appendix.

Since the zonotopic outer-approximation errors are intro-
duced into the SUIO (see Property 4), even though the ob-
server (60) is designed to be stable, robust SE is still possible
to diverge due to the accumulation of errors (see the wrapping
effect of set-based observers in [21] for details).

C. Stability Analysis

The Lyapunov stability theory is used to analyze robust
stability of the SUIO and the corresponding robust stability
results are obtained in Theorem 4.

Theorem 4. For the system (46) and a group of parametric
matrices of (47), the dynamics (56) is robustly stable if there
exist symmetric positive definite matrices Pi and Pj1 such that

Ωi,j1,j2,g1,g2,h1,h2
=

 ΦT0,j1,g1PiΦ0,j2,g2 − Pj1
∗
∗

ΦT0,j1,g1PiΦ3,h1
ΦT0,j1,g1PiΦ4,j2,g2

ΦT3,h1
PiΦ3,h2

ΦT3,h1
PiΦ4,j1,g1

∗ ΦT4,j1,g1PiΦ4,j2,g2

 ≺ 0 (62)

with

Φ0,j,g =
[

Nj 0
Ag−HCAg−K1,jC−Nj Ag−HCAg−K1,jC

]
, (63a)

Φ3,h =
[

0
−HFh

]
, (63b)

Φ4,j,g =
[

0
−K1,jFg

]
, (63c)

for ∀ i, j1, j2, g1, g2, h1, h2 = 1, 2, · · · , N , with the
indices defined as N ρ̂

k =
∑N
j=1 λ

ρ̂
j,kNj , A

ρ
k =

∑N
g=1 λ

ρ
g,kAg ,

K ρ̂
1,k =

∑N
j=1 λ

ρ̂
j,kK1,j , F

ρ
k+1 =

∑N
h=1 λ

ρ
h,k+1Fh and F ρk =
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∑N
g=1 λ

ρ
g,kFg , where the symbol ≺ denotes negative definite,

the symbols ∗ denote the transposes of the matrix elements in
the corresponding symmetric positions, and the indices j, g
and h take j1 (or j2), g1 (or g2) and h1 (or h2), respectively.

Proof. See Proof of Theorem 4 in Appendix.

The conditions in Theorem 4 can be used to compute the
vertex matrices of N ρ̂

k and K ρ̂
1,k to guarantee robust stability

of the SUIO. But due to the observed conservatism of these
conditions, they may provide even no solutions for some
applications. Thus, similar with Theorem 2, we also propose
to analyze the stability of the nominal dynamics to find some
less conservative but pragmatic stability conditions that may
be able to guarantee robust stability of the SUIO:

ζ̃k+1 =Φ0ζ̃k. (64)

By using the results in Lemmas 2 and 3, a stability conclu-
sion of (64) is presented in Theorem 5.

Theorem 5. For the system (46) and a group of parametric
matrices of (47), the dynamics (64) is stable if there exists
symmetric definite matrices S1,i, S1,j , S2,i, S2,j , and matrices
G1,i and G2,i such that[

S1,j ∗
G1,iNi G1,i+G

T
1,i−S1,i

]
�0, (65a)[

S2,j ∗
G2,i(Ag−HCAg−K1,iC) G2,i+G

T
2,i−S2,i

]
�0, (65b)

∀ i, j, g = 1, 2, · · · , N , with the indices defined as
N ρ̂
k =

∑N
i=1 λ

ρ̂
i,kNi, A

ρ
k =

∑N
g=1 λ

ρ
g,kAg and K ρ̂

1,k =∑N
i=1 λ

ρ̂
i,kK1,i, where the symbol � denotes positive definite

and the symbol ∗ denotes the transpose of G1,iNi in (65a)
and G2,i(Ag −HCAg −K1,iC) in (65b), respectively.

Proof. See Proof of Theorem 5 in Appendix.

Remark 7. The conditions in Theorem 4 are sufficient to
guarantee robust stability of the original dynamics, while the
conditions in Theorem 5 are sufficient to guarantee the stability
of the nominal dynamics. Since the noises are omitted in the
nominal dynamics, it is clear that solving the conditions in
Theorem 5 is less conservative than that in Theorem 4 and it
is more possible for the former to have a feasible solution than
the latter. Thus, although the conditions in Theorem 5 cannot
guarantee robust stability of the original dynamics, it is still
possible for us to use them to obtain a group of parametric
matrices for (5) that are able to stabilize the SUIO for robust
SE. Thus, the relation of Theorems 4 and 5 are complementary,
where the former has more theoretic value, while the latter has
more pragmatic value. For a particular application, if solving
the conditions in Theorem 4 is computationally infeasible,
we could turn to solving the conditions in Theorem 5 as an
alternative way to find a group of parametric matrices able to
robustly stabilize the SUIO. In Section III, Theorems 1 and 2
also have the same relationship with each other.

V. ILLUSTRATIVE EXAMPLES

Considering the implemental similarity of robust FD in
Section III and robust SE in Section IV, this section only uses

TABLE I
PARAMETERS OF VEHICLE MODEL

m, Iz mass and inertia (991kg, 1574kgm2)
cf front cornering stiffness(41.6kN/rad)
cr rear cornering stiffness(47.13kN/rad)
lf distance from CG to front axle(1.00m)
lr distance from CG to rear axle(1.46m)
lω distance of wind force action(0.40m)

a vehicle example taken from [13] to illustrate the proposed
robust FD method of the LPV system (1) for saving space.

In the vehicle example, the input is the steering angle uL,
the states are the slide slip angle β and the yaw rate ψ̇, and the
measured outputs are the lateral acceleration γL and the yaw
rate ψ̇. Moreover, we consider the wind force as an unknown
perturbation Fω(t) and the measurement noise vector η(t).
The nonlinear model of the vehicle is give as[

β̇(t)

ψ̈(t)

]
=

[
−
cr+cf
mv(t)

crlr−cf lf
mv2(t)

−1

crlr−cf lf
Iz

−
crl

2
f+cf l

2
f

Izv(t)

] [
β(t)

ψ̇(t)

]
+

[
−

cf
mv(t)
crlf
Iz

]
uL(t) +

[
− 1
mv(t)
lω
Iz

]
Fω(t),

y(t) =

[
−
cr+cf
m

cf lf−crlr
mv2(t)

0 1

] [
β(t)

ψ̇(t)

]
+
[

1
v(t)

0.2

]
η(t),

where the definitions and values of all the parameters involved
are displayed in Table I.

We discretize the primitive continuous-time model with a
sampling time of T = 0.001s by using the first-order Euler
difference method and define two scheduling variables ρ1,k =
1
v and ρ2,k = 1

v2 . Then, the nonlinear vehicle model can be
transformed into a discrete-time LPV model in the form (1).
The parametric matrices of the discrete-time LPV model are
obtained as

A(ρk) =
[

1−0.0895ρ1,k −0.001+0.0275ρ2,k
0.0173 1−0.0903ρ1,k

]
,

B(ρk) =
[

0.0420ρ1,k
0.0299

]
, C(ρk) =

[−89.5358 −27.4569ρ2,k
0 1

]
,

E(ρk) =
[

0.1009×10−5ρ1,k

0.2541×10−6

]
, F (ρk) = [

ρ1,k
0.2 ] .

In this example, the speed v(t) varies between 20km/h and
40km/h. Since v(t) is bounded, ρ1,k and ρ2,k are also bounded.
This implies that a polytope bounding the vector composed
of these two scheduling variables can be obtained and it has
four vertices. Moreover, by using the vertices, the vehicle
model can be transformed into a polytopic LPV form. Since
ρ1,k and ρ2,k have a mathematical relationship, the number
of the vertices of the LPV model can be reduced to three
(see [13] for more details). Similarly, we consider the case
that the real speed v(t) cannot be obtained exactly (i.e., there
always exist errors between ρk and its measured value ρ̂k and
ρ̃k ∈ P̃ = [(−0.002, 0.002) (−0.002, 0.002)]T ). The input
uL(k), the steering angle, varies between − π

12rad and π
4 rad.

In this example, we consider robust FD of the vehicle under
two situations corresponding to The First Situation in Section
III-B and The Second Situation in Section III-C, respectively.

For The First Situation, we assume that the unknown
input Fω(k) and measurement noise η(k) are bounded by
W = −0.001 ⊕ 0.002B1 and V = −0.001 ⊕ 0.002B1,
respectively. Considering the decoupling conditions, we design
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the parametric matrices H̊ =
[

0.3779 −0.0216
−32.6685 1.7039

]
and Y1 =[

−1.0756×10−2 4.0748×107

−2.0676×10−2 5.1472×107

]
. Some other parametric matrices

are designed as N ρ̂
k =

[
0.01 0

0.35ρ̂1,k+0.15ρ̂2,k 0.02

]
, T ρ̂k = [ 0.55

0.28 ]

and K ρ̂
2,k = [ 0.76 0.82

0.54 0.27 ]. We consider that a fault in the actuator
has occurred with magnitude f = 0.1rand, where rand
denotes a random variable belonging to the interval [0, 1].
Moreover, the initial conditions are given as

Γ̂′0 = Γ̌0 =

[
0
0
0
0

]
⊕
[

0.008 0 0
0 0.008 0 0
0 0 0.008 0
0 0 0 0.008

]
B4.

It is assumed that the fault occurs at time instant k = 101
and the FD results are shown in Figures 2 and 3. For the
convenience of drawing the set-inclusion relation, we consider
the interval hulls of R1,k and R1,k, whose first and second
components are displayed in Figures 2 and 3, respectively. The
green and red belts correspond to R1,k and R1,k, respectively.
We can see that from time instant k = 0 to k = 100, the set
inclusion R1,k ⊆ R1,k can always hold, which means that
there is no fault occurrence. However, at k = 101, R1,k *
R1,k indicates that the fault has occurred in the system.
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Fig. 2. Robust FD of vehicle by testing whether R1,k(1) ⊆ R1,k(1) for
The First Situation
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Fig. 3. Robust FD of vehicle by testing whether R1,k(2) ⊆ R1,k(2) for
The First Situation

For The Second Situation, we compare the proposed robust
FD method in this paper with the existing set-based bounding
method in [25] from the viewpoint of FD sensitivity and aim to
illustrate the advantage of the proposed robust FD method. We
assume that the unknown input Fω(k) and the measurement
noise η(k) are bounded by two known zonotopic sets W =
0.001B1 and V = 1 ⊕ 0.3B1, respectively. We consider an

actuator fault with magnitude f = 0.8 + 0.1rand. Moreover,
the initial conditions are given as

Γ̂′0 = Γ̌0 =

[
0
0
0
0

]
⊕
[

0.01 0 0
0 0.01 0 0
0 0 0.01 0
0 0 0 0.01

]
B4.

Considering decoupling the measurement noises ηk and
ηk+1, we set Y1 =

[
0 −0.1

10−4 0

]
and Y2 =

[
0 0.2

10−3 0

]
. By using

(18) and (32), we obtain K ρ̂
1,k =

[
0 0

10−4 −5×10−4ρ̂1,k

]
and

H ρ̂
k+1 =

[
0 0

10−3 −5×10−3ρ̂1,k+1

]
. Using the YALMIP toolbox,

the matrices S1,i, G1,i, S2,i and G2,i (i = 1, 2, 3) for the
sufficient stability conditions in Theorem 2 are computed as

S1,1 = [ 15.2949 0.0117
0.0117 15.2290 ] , S1,2 = [ 15.2949 0.0069

0.0069 15.1827 ] ,

S1,3 = [ 15.2949 0.0064
0.0064 15.1754 ] , G1,1 = [ 15.2702 −0.0061

0.0178 15.2372 ] ,

G1,2 = [ 15.2702 −0.0077
0.0145 15.2139 ] , G1,3 = [ 15.2702 −0.0078

0.0142 15.2102 ] ,

S2,1 = [ 18.9923 0.4324
0.4324 6.7811 ] , S2,2 = [ 20.3414 0.3015

0.3015 7.7551 ] ,

S2,3 = [ 20.3713 0.2292
0.2292 7.7404 ] , G2,1 = [ 17.8914 −0.0865

0.7643 7.2930 ] ,

G2,2 = [ 18.3568 −0.3777
0.4895 8.6667 ] , G2,3 = [ 18.3693 −0.4622

0.4619 8.6550 ] ,

which are verified to be able to robustly stabilize the original
dynamics. Additionally, the other parametric matrices of the
SUIO are designed in the same way with the first situation.
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Fig. 4. Robust FD of vehicle by testing whether R1,k(1) ⊆ R1,k(1) for
The Second Situation
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Fig. 5. Robust FD of vehicle by testing whether R1,k(2) ⊆ R1,k(2) for
The Second Situation

Furthermore, for the set-based robust FD method proposed
in [25], we set the initial condition as

X0 =

[
0
0

]
⊕
[
0.005 0

0 0.005

]
B2.
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By solving the linear matrix inequality (LMI) based stability
conditions in [25], the vertices of the Luenberger-structure
observer gain matrix L are obtained as

L1 = L2 = L3 =

[
−0.0097 −0.0099
−0.0019 0.8638

]
.
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Fig. 6. Robust FD of vehicle by testing whether 0 ∈ Rk(1) using the method
in [25]
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Fig. 7. Robust FD of vehicle by testing whether 0 ∈ Rk(2) using the method
in [25]

We also assume that the fault occurs at time instant k = 101.
The FD results in this paper are shown in Figures 4 and 5,
while the FD results of the robust FD method in [25] are
shown in Figures 6 and 7. Similarly, for the convenience of
illustration, we only display the interval hulls of R1,k and R1,k

in Figures 4 and 5. In Figures 4 and 5, we can see that although
there exists a time delay from the fault occurrence to the
detection of the fault, the proposed method in this paper still
successfully detects the fault at time instant k = 115 since the
set inclusion relation R1,k ⊆ R1,k does not hold any longer
after k = 115, i.e., R1,115 6⊆ R1,115. However, from Figures 6
and 7, we can find that during the whole stage of system
operation, the residual sets Rk always contain the origin 0,
i.e., 0 ∈ Rk, which means that the FD method in [25] is not
able to detect the occurred fault. This is because the proposed
method in this paper considers the bounds of measurement
errors of scheduling variables instead of the direct bounds of
scheduling variables. Moreover, the proposed method in this
paper can actively decouple part of the effects of measurement
noises ηk on the performance of robust FD. Comparatively,

the designed observer gain matrix of the FD method in [25]
can only guarantee system stability and does not make similar
contributions to decrease the FD conservatism. Thus, in this
sense, the proposed FD method is able to achieve a higher FD
performance than that of [25].

VI. CONCLUSIONS

This paper focuses on robust FD and SUIO design of
LPV systems with both state and output equations scheduled
by inexact scheduling variables. First, for this type of LPV
systems, this paper combines the set theory with the UIO to
propose a novel robust FD method. Second, the unknown input
decoupling condition of SUIO for such LPV systems is given
and consequently an SUIO design method is proposed for the
reduced version of such LPV systems under this condition.
From our best knowledge, this is the first work to work on
these two problems of such LPV systems. In the future, we
will consider the potential applications of the proposed ideas
for fault isolation, fault estimation and fault-tolerant control.
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APPENDIX

Definition 2. An m-order zonotope Z is defined as Z =
g ⊕HBm, where g and H are called the center and segment
matrix, respectively, and Bm is an m-dimensional unitary box
whose elements are the unitary intervals [−1, 1].

For simplicity, a zonotope Z = g ⊕ HBm is denoted as
Z(g,H). Moreover, some properties of zonotopes taken from
[1], [15] are further recalled in the following.

Property 1. Given two zonotopes Z1 = Z(g1, H1) and Z2 =
Z(g2, H2), Z1 ⊕ Z2 = Z(g1 + g2, [H1 H2]).

Property 2. Given a zonotope Z = Z(g, H) and a compatible
matrix K, KZ = Z(Kg, KH).

Property 3. Given a family of zonotopes denoted by X =
g ⊕MBm, where g ∈ Rn is a real vector, M ∈ Rn×m is
an interval matrix and Bm is an m-order unitary interval
vector, a zonotope inclusion �(X) is defined by �(X) = g ⊕
[mid(M) G]Bm+n, where the matrix G is a diagonal matrix
with Gii =

∑m
j=1

diam(M)ij
2 , i = 1, 2, · · · , n.

Property 4. Given Xk+1 = AXe
k ⊕ Buk, where A and B

are interval matrices and uk is the input at time instant k, if
Xe
k is a zonotope with the center gek and segment matrix He

k ,
Xk+1 can be bounded by a zonotope Xe

k+1 = gek+1⊕He
k+1Br

(i.e., Xk+1 ⊆ Xe
k+1), where gek+1 = mid(A)gek+mid(B))uk,

He
k+1 = [J1 J2 J3], J1 = seg(�(AHe

k)), J2 = diam(A)
2 gek

and J3 = diam(B)
2 uk, where seg(·) computes the segment

matrix of a zonotope.

Property 5. Given a zonotope X = g ⊕ GBr ⊂ Rn and
an integer s (with n < s < r), denote by Ĝ the matrix
resulting from the reordering of the columns of the matrix
G in decreasing Euclidean norm. X ⊆ g⊕ [ĜT Q]Bs where
ĜT is obtained from the first s− n columns of the matrix Ĝ
and Q ∈ Rn×n is a diagonal matrix whose elements satisfy
Qii =

∑r
j=s−n+1 | Ĝij |, i = 1, . . . , n.

Proof of Theorem 1: A Lyapunov function for robust
stability of the dynamics (24) is defined as

V (ζ̃k) = ζ̃Tk P
ρ̂
k ζ̃k, (66)

where P ρ̂k =
∑N
i=1 λ

ρ̂
i,kPi is a symmetric positive definite

parameter-dependent matrix. Thus, we could further obtain

∆V (ζ̃k) =V (ζ̃k+1)− V (ζ̃k) =
[
ζ̃Tk ωTk ηTk+1 η

T
k

]
Ω

[
ζ̃k
ωk
ηk+1
ηk

]
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with

Ω =


Φ′T0 P

ρ̂
k+1Φ′0−P

ρ̂
k Φ′T0 P

ρ̂
k+1Φ′2 Φ′T0 P

ρ̂
k+1Φ′3 Φ′T0 P

ρ̂
k+1Φ′4

∗ Φ′T2 P
ρ̂
k+1Φ′2 Φ′T2 P

ρ̂
k+1Φ′3 Φ′T2 P

ρ̂
k+1Φ′4

∗ ∗ Φ′T3 P
ρ̂
k+1Φ′3 Φ′T3 P

ρ̂
k+1Φ′4

∗ ∗ ∗ Φ′T4 P
ρ̂
k+1Φ′4

 .
In order to obtain a group of robust stability conditions

based on matrix inequalities, we need to make a polytopic
decomposition of Ω by using the polytopic decompositions of
Φ′0, Φ′2, Φ′3 and Φ′4. After analyzing the expressions of Φ′0,
Φ′2, Φ′3, Φ′4, Λ0, Λ1, Λ̃4, Λ5 and Λ̃6, we see that the polytopic
decomposition of Ω is thoroughly determined by those of
Aρk, Cρk , F ρk , Cρk+1, F ρk+1, Eρ̂k , H ρ̂

k+1, K ρ̂
1,k, N ρ̂

k , P ρ̂k , C ρ̂k+1,
P ρ̂k+1,

∑m
i=1E

iρ̃ik,
∑m
i=1 F

iρ̃ik and
∑m
i=1 C

iρ̃ik+1. Thus, by
making an one-by-one decomposition of those aforementioned
scheduling-dependent variables based on their own polytopic
decompositions given in Theorem 1, we finally obtain

Ω =

N∑
i0=1

N∑
i1=1

N∑
j1=1

N∑
g1=1

N∑
h1=1

O1∑
l1=1

O2∑
t1=1

N∑
b1=1

N∑
d1=1

N∑
i2=1

N∑
j2=1

N∑
g2=1

N∑
h2=1

O1∑
l2=1

O2∑
t2=1

N∑
b2=1

N∑
d2=1

λρ̂i0,k+1λ
ρ̂
i1,k+1λ

ρ̂
j1,k

λρg1,kλ
ρ
h1,k+1×

λρ̂
h

l1,k+1λ
ρ̂k1

t1,k
λρ̃b1,k+1λ

ρ̃
d1,k

λρ̂i2,k+1λ
ρ̂
j2,k

λρg2,kλ
ρ
h2,k+1λ

ρ̂h

l2,k+1×

λρ̂
k1

t2,k
λρ̃b2,k+1λ

ρ̃
d2,k

Ωi0,i1,i2,j1,j2,g1,g2,h1,h2,l1,l2,t1,t2,b1,b2,d1,d2 .

Thus, if there exist positive definite matrices Pi0 and Pj1
and matrices H̄l, K̄1,t, Nj and K1,j such that the matrix
inequalities Ωi0,i1,i2,j1,j2,g1,g2,h1,h2,l1,l2,t1,t2,b1,b2,d1,d2 ≺ 0
hold for ∀ i, j, g, h, b, d = 1, 2, · · · , N , l = 1, 2, · · · , O1

and t = 1, 2, · · · , O2 (i.e., ∆V (ζ̃k) < 0), it is concluded
that the designed parametric matrices can robustly stabilize
the system. Thus, the proof is completed. �

Proof of Theorem 2: From Lemma 2, the stability condi-
tion of Φ0 can be formulated into the simultaneous stability
problems of N ρ̂

k and Λ0 = Aρk −H
ρ̂
k+1C

ρ
k+1A

ρ
k −K

ρ̂
1,kC

ρ
k .

Since the stability conditions of N ρ̂
k have been obtained

based on the results in Lemma 3, which is omitted here. Thus,
this proof focuses on the stability conditions of the matrix
Λ0 = Aρk −H

ρ̂
k+1C

ρ
k+1A

ρ
k −K

ρ̂
1,kC

ρ
k .

For the stability of Λ0, with the results in Lemma 3, we can
first derive the following stability conditions:[

S2,j ∗
G2,iΛ0,i G2,i+G

T
2,i−S2,i

]
� 0 (67)

with Λ0,i = Ai − H ρ̂
k+1C

ρ
k+1Ai − K ρ̂

1,kCi by decompos-
ing Aρk =

∑N
i=1 λ

ρ
i,kAi and Cρk =

∑N
i=1 λ

ρ
i,kCi for i =

1, 2, · · · , N , where S2,i and S2,j are symmetric definite matri-
ces with proper dimensions, and G2,i are matrices with proper
dimensions. Furthermore, with the polytopic decomposition
of Cρk+1 =

∑N
h=1 λ

ρ
h,k+1Ch, H ρ̂

k+1 =
∑O1

g=1 λ
ρ̂h

g,k+1H̄g and

K ρ̂
1,k =

∑O2

l=1 λ
ρ̂k1

l,k K̄1,l, we can have

Λ0,i =

N∑
h=1

O1∑
g=1

O2∑
l=1

λρh,kλ
ρ̂h

g,k+1λ
ρ̂k1

l,k (Ai − H̄gChAi − K̄1,lCi).

Thus, we are able to further have[
S2,j ∗

G2,iΛ0,i G2,i+G
T
2,i−S2,i

]
=

N∑
h=1

O1∑
g=1

O2∑
l=1

λρh,kλ
ρ̂h

g,k+1λ
ρ̂k1

l,k[
S2,j ∗

G2,i(Ai−H̄gChAi−K̄1,lCi) G2,i+G
T
2,i−S2,i

]
,

which implies that as long as (31b) holds for ∀ h =
1, 2, · · · , N , g = 1, 2, · · · , O1 and l = 1, 2, · · · , O2, the
matrix

[
S2,j ∗

G2,iΛ0,i G2,i+G
T
2,i−S2,i

]
is also positive definite. Thus,

according to Lemmas 2 and 3, the dynamics (28) is stable. �
Proof of Theorem 3: First, a set-based version of (56) can

be obtained as Γk+1 = Φ0Γk ⊕Φ3V ⊕Φ4V , where Γk is an
unknown and uncomputable set. As a result, if ζ̃0 ∈ Γ0, as
long as (56) is stable for all ρk ∈ P , we can always have
ζ̃k ∈ Γk for all k > 0. Second, we define the error vector

x̃k = ξk − ξ̄k = xk − ξ̄k (68)

and by substituting (52b) and (55b) into (68), we can have
x̃k = Ψ0ζ̃k. Furthermore, it can be obtained that

x̃k ∈ Ψ0Γk. (69)

By using the set-based observer (59), we can estimate the
set of ξ̄k in real time, i.e., ξ̄k ∈ Ξ̂k. Similar to (59), we can
also consider the interval matrices Φ0, Φ3 and Φ4 of Φ0, Φ3

and Φ4 to obtain a computable bounding set Γk of Γk based
on Γk+1 = Φ0Γk ⊕Φ3V ⊕Φ4V with ζ̃k ∈ Γk ⊆ Γk. Thus,
with (69), we obtain xk ∈ X̂k = Ξ̂k ⊕Ψ0Γk. �

Proof of Theorem 4: A Lyapunov function for robust
stability analysis of the dynamics (56) is defined as (66). Thus,
we could further obtain

∆V (ζ̃k) = V (ζ̃k+1)− V (ζ̃k) =
[
ζ̃Tk ηTk+1 η

T
k

]
Ω

[
ζ̃k
ηk+1
ηk

]
,

with

Ω =

ΦT0 P
ρ̂
k+1Φ0−P ρ̂k ΦT0 P

ρ̂
k+1Φ3 ΦT0 P

ρ̂
k+1Φ4

∗ ΦT3 P
ρ̂
k+1Φ3 ΦT3 P

ρ̂
k+1Φ4

∗ ∗ ΦT4 P
ρ̂
k+1Φ4

 .
Like Proof of Theorem 1, we need to make a polytopic

decomposition of Ω to obtain a group of robust stability
conditions based on matrix inequalities for (56) by using the
polytopic decompositions of Φ0, Φ3 and Φ4. After analyzing
the expressions of Φ0, Φ3, Φ4, Λ′0, Λ′1, Λ′5 and Λ′6, we see that
the polytopic decomposition of Ω is thoroughly determined by
those of Aρk, F ρk , F ρk+1, K ρ̂

1,k, N ρ̂
k , P ρ̂k and P ρ̂k+1. Thus, by

making an one-by-one decomposition of those aforementioned
scheduling-dependent variables in Ω based on their own
polytopic decompositions given in Theorem 4, we obtain

Ω =

N∑
i=1

N∑
j1=1

N∑
g1=1

N∑
j2=1

N∑
g2=1

N∑
h1=1

N∑
h2=1

λρ̂i,k+1λ
ρ̂
j1,k

λρg1,kλ
ρ̂
j2,k

× λρg2,kλ
ρ
h1,k+1λ

ρ
h2,k+1Ωi,j1,j2,g1,g2,h1,h2

.

According to the Lyapunov stability theory, if there exist
positive definite matrices Pi and Pj1 and matrices H , Nj
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and K1,j such that the matrix inequalities (62) hold for
∀i, j1, j2, g1, g2, h1, h2 = 1, 2, · · · , N (i.e., ∆V (ζ̃k) < 0), it is
concluded that the designed parametric matrices can robustly
stabilize the SUIO. Thus, the proof is completed. �

Proof of Theorem 5: According to Lemma 2, the stabil-
ity problem of Φ0 can be formulated into the simultaneous
stability problems of N ρ̂

k and Λ′0 = Aρk −HCA
ρ
k −K

ρ̂
1,kC.

Thus, to assure the stability of N ρ̂
k , with the results in

Lemma 3, we can have the stability conditions (65a) for
∀ i, j = 1, 2, · · · , N , where S1,i and S1,j are symmetric
definite matrices with proper dimensions, G1,i are matrices
with proper dimensions and N ρ̂

k =
∑N
i=1 λ

ρ̂
i,kNi.

Similarly, to assure the stability of Λ′0, with the results in
Lemma 3, we can have the following stability conditions:[

S2,j ∗
G2,iΛ

′
0,i G2,i +GT2,i − S2,i

]
� 0 (70)

with Λ′0,i = Aρk−HCA
ρ
k−K1,iC and K ρ̂

1,k =
∑N
i=1 λ

ρ̂
i,kK1,i,

∀ i, j = 1, 2, · · · , N , where S2,i and S2,j are symmetric def-
inite matrices with proper dimensions, and G2,i are matrices
with proper dimensions.

Furthermore, by using the polytopic decomposition of Aρk =∑N
g=1 λ

ρ
g,kAg , we can have Λ′0,i =

∑N
g=1 λ

ρ
g,k(Ag−HCAg−

K1,iC). Thus, we can further have[
S2,j ∗

G2,iΛ
′
0,i G2,i+G

T
2,i−S2,i

]
=

N∑
g=1

λρg,k

[
S2,j ∗

G2,i(Ag−HCAg−K1,iC) G2,i+G
T
2,i−S2,i

]
,

which implies that if (65b) holds for ∀ g = 1, 2, · · · , N ,
the matrix

[
S2,j ∗

G2,iΛ
′
0,i G2,i+G

T
2,i−S2,i

]
is positive definite. Thus,

under Theorem 5, the dynamics (64) is stable. �
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Politècnica de Catalunya (UPC), Barcelona, Spain, in 2014
and 2018. From 2015 to 2018, he was also a research fellow
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